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ABSTRACT
A NEW MODEL FOR CALCULATING THE TRANSIENT DISPLACEMENT FIELD
WITHIN A LINEAR ELASTIC ISOTROPIC SOLID WITH A THROUGH HOLE
UNDER DYNAMIC IMPACT: A 3D MODEL IS DEVELOPED AND A 2D
CASE STUDY IS EXAMINED

Drew Mitchell, M.S.
Department of Mechanical Engineering
Northern Illinois University, 2018
Jenn-Terng Gau, Director
This paper presents an exact analytical solution in tensor notation for solving the elastic
wave propagation for any three-dimensional shape objects with a hole (from infinitesimal to finite).
For validating the proposed model, a case study of an axisymmetric thick-walled cylindrical
metallic tube with finite length under a dynamic impact was modeled and computed. The case
study was also computed and validated by using an explicit time integration finite element method,
LS-Dyna, for comparison purpose. The LS-Dyna simulation results were used to calculate the
boundary conditions for the proposed model for obtaining the analytical solution because in the
real-world applications these boundary conditions can be obtained through the measurement data
or the signals of sensors. Based on the virtual boundary conditions obtained from simulation, the
proposed model can compute the displacement field (transient response) of the object under the
dynamic impact. Once the displacement field is available, all transient stress, strain, rotation, etc.,
can be computed as needed. The obtained analytical displacement fields as a function of time and
coordinates were compared with the simulation results from LS-Dyna. It has been proven in this
paper that the efficiency, accuracy and robustness of the proposed model meet the needs of any
potential applications.
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Introduction and Literature Review
This paper presents an exact analytical solution for the transient response of any threedimensional shape objects with a hole (from infinitesimal to finite) under the dynamic impact as
long as the objects can be modeled as a linear elastic, isotropic, and homogeneous material. Thickwalled cylinders are an example of a solid with a hole and are often used in structures, machines,
gun barrels, etc., thus it is imperative to have complete understanding of the behavior of such
engineering elements. However, a 3D dynamic case in linear elasticity is a complicated problem
due to the coupled nature of the governing partial differential equations and the need to satisfy
specific boundary conditions for all three displacement components. A number of theories exist
for determining the natural frequencies of vibration for linear elastic isotropic thick-walled
cylinders of finite length [1-6]. According to the knowledge of the authors, there is no published
model that gives the transient responses of an object under the dynamic impact or explosion.
Hutchison and El-Azhari [1] assumed all displacements and stresses varied sinusoidally and they
used infinite series solutions of the governing equations of linear elasticity to calculate the natural
frequencies of thick-walled finite cylinders. Hasheminejad and Mirzaei [2], extended the works
of Hutchison and El-Azhari. [1], to the eccentric thick-walled finite cylinders by using the
translational addition theorem for circular wave functions. Hasheminejad and Ghaheri [3], used
the translational addition theorem for Mathieu functions to extend their solution for eccentric thickwalled cylinders [2] to eccentric elliptic thick-walled cylinders. None of these models, or others
in the literature [4-6], are capable of determining the transient response of a finite thick-walled
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cylinder to dynamic impact. The works published in [1-6] are limited to solve the steady-state
vibrations and they all assumed that the displacement field varies sinusoidally. Due to this
assumption, none of the work done by these researchers can be used for the transient case and thus
there is a need for this research that can give the transient response.
This paper uses vector identities, the separation of variables technique, and eigenfuncition
expansion to obtain an exact analytical infinite series solution to the transient 3D equations of
linear elasticity for the dynamic impact of a thick-walled circular cylinder. This model may
potentially be used for micro crack and void detection, nondestructive testing, and as an excellent
benchmark for numerical solution validation.

Theoretical Analysis
The Navier-Lame equation can be used as the dynamic governing equations for any solid or
hollow object that is linear elastic, homogeneous and isotropic. In vector notation it takes the
following form:

𝜌𝑼̈ = (𝜆 + 𝜇)∇(∇ ∙ 𝑼) + 𝜇∇2 𝑼

(1)

where ρ is density, λ and μ are Lame constants, and U is the displacement vector.
The dots above a variable represent time derivatives and bold face represents a vector. The
following vector identity is used to decouple the governing equation as outlined in [4]:
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∇2 𝑨 = ∇(∇ ∙ 𝑨) − ∇ × (∇ × 𝑨)

(2)

where A is an arbitrary vector. Using Equation (2) to decouple Equation (1) gives
𝜃̈ = 𝛼 2 ∇2 𝜃

(3)

𝝎̈ = 𝜂2 ∇2 𝝎

(4)

𝜃 =∇∙𝑼

(5)

𝝎=∇×𝑼

(6)

where

𝛼2 =

𝜆+2𝜇
𝜌
𝜇

𝜂2 = 𝜌

(7)
(8)

𝜃 is a dilational or longitudinal wave representing volume change while ω is a transverse wave
representing rotation. Equations (3) and (4) are of the form of the canonical wave equation, which
is well documented and understood and can be solved by using the separation of variables. Once
the solutions to Equations (3) and (4) are known, the solutions can be recombined in the following
manner to yield three equations for the displacement vector components:

∇𝜃 = ∇(∇ ∙ 𝑼)

(9)

∇ × 𝝎 = ∇ × (∇ × 𝑼)

(10)

Combining Equations (9) and (10) and using Equation (2), the expression for U is
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∇2 𝑼 = ∇𝜃 − ∇ × 𝝎

(11)

Equation (11) is of the form of Poison’s equation and is a well-documented and understood
equation. Then the eigenfunction expansion could be used to solve Equation (11).

A Case Study
A case study is investigated in this section for demonstrating that the proposed model can be
used to solve the transient responses of an axisymmetric object with a hole (from infinitesimal to
finite) under a dynamic impact. As shown in Figure 1, an axisymmetric solid thick walled hollow
cylinder of finite length is illustrated.

Fig. 1. A finite solid thick-walled hollow cylinder for the case study.
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Due to the axial symmetry of this case, the three-dimensional case can be simplified to a twodimensional problem; 𝜃(𝑟, Ø, 𝑧, 𝑡) becomes 𝜃(𝑟, 𝑧, 𝑡). The procedures outlined in the previous
section can be used to solve for the displacement field inside the annulus given some axisymmetric
boundary conditions. Only the transient response is of interest here, so all initial conditions (I.C.)
are assumed to be zero. The process outlined above is used to decouple the governing equation,
Equation (1), into four equations. Two of the equations, when written in cylindrical coordinates,
are trivial due to the axial symmetry of the geometry and boundary conditions. The two remaining
nontrivial equations are Equation (3) and the 𝜔𝜑 component of Equation (4).

𝜃̈ = 𝛼 2 ∇2 𝜃
𝜃(𝑟, 0, 𝑡) = 𝑓(𝑟, 𝑡)
𝜃(𝑟, 𝐿, 𝑡) = 𝑔(𝑟, 𝑡)

(12)

𝜃(𝑏, 𝑧, 𝑡) = ℎ(𝑧, 𝑡)
𝜃(𝑎, 𝑧, 𝑡) → 𝑛(𝑧, 𝑡)

𝜔𝜑̈ = 𝜂2 ∇2 𝜔𝜑
𝜔𝜑 (𝑟, 0, 𝑡) = 𝐼(𝑟, 𝑡)
𝜔𝜑 (𝑟, 𝐿, 𝑡) = 𝐽(𝑟, 𝑡)
𝜔𝜑 (𝑏, 𝑧, 𝑡) = 𝐾(𝑧, 𝑡)
𝜔𝜑 (𝑎, 𝑧, 𝑡) → 𝑀(𝑧, 𝑡)

(13)
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The solution technique used to solve Equations (12) and (13) is outlined in [7]. The final
solutions are
∞
𝜃(𝑟, 𝑧, 𝑡) = ∑∞
𝑛=1 ∑𝑚=1 𝐴𝑛,𝑚 (𝑡)𝜙𝑛,𝑚 (𝑟, 𝑧)

(14)

∞
𝜔𝜑 (𝑟, 𝑧, 𝑡) = ∑∞
𝑛=1 ∑𝑚=1 𝐵𝑛,𝑚 (𝑡)𝜙𝑛,𝑚 (𝑟, 𝑧)

(15)

where
𝜔𝜑 → 𝑝ℎ𝑖 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡 𝑜𝑓 𝝎
𝜙𝑛,𝑚 (𝑟, 𝑧) = sin(𝛽𝑛 𝑧)(𝐽0 (𝜉𝑚 𝑟) + 𝐵𝑌0 (𝜉𝑚 𝑟))
𝐽0 (𝑟): 𝐵𝑒𝑠𝑠𝑒𝑙 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓𝑡ℎ𝑒 𝑓𝑖𝑟𝑠𝑡 𝑘𝑖𝑛𝑑 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 𝑧𝑒𝑟𝑜
𝑌0 (𝑟): 𝐵𝑒𝑠𝑠𝑒𝑙 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑒𝑐𝑜𝑛𝑑 𝑘𝑖𝑛𝑑 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 𝑧𝑒𝑟𝑜
𝐵 = −𝐽0 (𝜉𝑚 𝑎)/𝑌0 (𝜉𝑚 𝑎)
𝛽𝑛 =

𝑛𝜋
𝐿

𝜉𝑚 → 𝑚𝑡ℎ 𝑧𝑒𝑟𝑜 𝑜𝑓 𝐽0 (𝜉𝑚 𝑏) + 𝐵𝑌0 (𝜉𝑚 𝑏)
𝐴𝑛,𝑚 (𝑡) = 𝐶
𝐶
𝐵𝑛,𝑚 (𝑡) = 𝐶
𝐶

𝛼 cos(𝛾𝑛,𝑚 𝛼𝑡)
𝛾𝑛,𝑚

𝛼 sin(𝛾𝑛,𝑚 𝛼𝑡)
𝛾𝑛,𝑚
𝜂cos(𝛾𝑛,𝑚 𝜂𝑡)
𝛾𝑛,𝑚

𝜂sin(𝛾𝑛,𝑚 𝜂𝑡)
𝛾𝑛,𝑚

𝑡

∫0 sin(𝛾𝑛,𝑚 𝛼𝜏) ∮𝜕𝐷 −𝜃∇𝜙𝑛,𝑚 ∙ 𝑛̂𝑟𝑑𝑠 𝑑𝜏 −
𝑡

∫0 cos(𝛾𝑛,𝑚 𝛼𝜏) ∮𝜕𝐷 −𝜃∇𝜙𝑛,𝑚 ∙ 𝑛̂𝑟𝑑𝑠 𝑑𝜏
𝑡

∫0 sin(𝛾𝑛,𝑚 𝜂𝜏) ∮𝜕𝐷 −𝜔𝜑 ∇𝜙𝑛,𝑚 ∙ 𝑛̂𝑟𝑑𝑠 𝑑𝜏 −

𝑡

∫0 cos(𝛾𝑛,𝑚 𝜂𝜏) ∮𝜕𝐷 −𝜔𝜑 ∇𝜙𝑛,𝑚 ∙ 𝑛̂𝑟𝑑𝑠 𝑑𝜏
𝐶=

1
𝑑 𝑏
2
∫0 ∫𝑎 𝜙𝑛,𝑚 𝑟𝑑𝐴
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2
2
𝛾𝑛,𝑚
= 𝛽𝑛2 + 𝜉𝑚

𝑛̂ → 𝑜𝑢𝑡𝑤𝑎𝑟𝑑 𝑢𝑛𝑖𝑡 𝑛𝑜𝑟𝑚𝑎𝑙

The boundary condition functions for θ can be represented in terms of a combination of known
stresses and known strains on the surface using generalized Hooke’s law. The boundary condition
functions for ωϕ can be represented by the rotation tensor. The boundary conditions used for the
problem presented are shown below:

𝜃=

𝜎11 +2𝜇(𝜀22 +𝜀33 )
𝜆+2𝜇
𝜕𝑈

𝜔𝜑 = ( 𝜕𝑧𝑟 −

𝜕𝑈𝑧
𝜕𝑟

)

(16)
(17)

Equations (16) and (17) evaluated on the surface through measurements give the necessary
boundary conditions for Equations (12) and (13). In Equation (16), σ11 represents the normal stress
of the corresponding boundary surface and ε22 and ε33 represent the in-plane strain of the
corresponding boundary surface. Equations (12) and (13) converge pointwise inside the domain
to the solution. Combining Equations (14) and (15) in the manner given by Equation (11) gives
the expressions below for Ur and Uz:

∇2 𝑈𝒓 = (∇𝜃 − ∇ × 𝝎) ∙ 𝑟̂

(18)

∇2 𝑈𝑧 = (∇𝜃 − ∇ × 𝝎) ∙ 𝑧̂

(19)
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Equation (18) and (19) can be rewritten to simplify the calculation for the 2D case in cylindrical
coordinates. Adding in the boundary conditions for the problem presented, Equations (18) and
(19) take the following form:

−𝑈𝑟
𝜕𝜃 𝜕𝜔𝜑
+ ∇2 𝑈𝒓 =
+
≡ 𝐹(𝑟, 𝑧, 𝑡)
2
𝑟
𝜕𝑟
𝜕𝑧
𝜕𝑈𝑟
𝜕𝑟
𝜕𝑈𝑟
𝜕𝑟
𝜕𝑈𝑟
𝜕𝑧
𝜕𝑈𝑟
𝜕𝑧

∇2 𝑈𝑧 =

(𝑎, 𝑧, 𝑡) = 𝐸(𝑧, 𝑡)

(𝑏, 𝑧, 𝑡) = 𝑂(𝑧, 𝑡)

(20)

(𝑟, 0, 𝑡) = 𝑃(𝑟, 𝑡)
(𝑟, 𝐿, 𝑡) = 𝑄(𝑟, 𝑡)

𝜕𝜃 1 𝜕(𝑟𝜔𝜑 )
−
≡ 𝐺(𝑟, 𝑧, 𝑡)
𝜕𝑧 𝑟 𝜕𝑟

𝜕𝑈𝑧
𝜕𝑟
𝜕𝑈𝑧
𝜕𝑟
𝜕𝑈𝑧
𝜕𝑧
𝜕𝑈𝑧
𝜕𝑧

(𝑎, 𝑧, 𝑡) = 𝑇(𝑧, 𝑡)
(𝑏, 𝑧, 𝑡) = 𝑊(𝑧, 𝑡)

(21)

(𝑟, 0, 𝑡) = 𝑉(𝑟, 𝑡)
(𝑟, 𝐿, 𝑡) = 𝐾(𝑟, 𝑡)

The solution technique used to solve Equations (20) and (21) can be found in [8] and the full
solutions are shown below:
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∞
𝑈𝑟 (𝑟, 𝑧, 𝑡) = ∑∞
𝑛=0 ∑𝑚=1 𝐵𝑛,𝑚 (𝑡)𝜓𝑛,𝑚 (𝑟, 𝑧)

(22)

∞
𝑈𝑧 (𝑟, 𝑧, 𝑡) = ∑∞
𝑛=0 ∑𝑚=1 𝐴𝑛,𝑚 (𝑡)𝜙𝑛,𝑚 (𝑟, 𝑧)

(23)

where
𝜙𝑛,𝑚 (𝑟, 𝑧) = cos(𝛽𝑛 𝑧) (𝐽0 (𝜉𝑚 𝑟) + 𝑆𝑌0 (𝜉𝑚 𝑟))
𝜓𝑛,𝑚 (𝑟, 𝑧) = cos(𝛽𝑛 𝑧)(𝐽1 (𝜈𝑚 𝑟) + 𝑇𝑌1 (𝜈𝑚 𝑟))
𝐽0 (𝑟): 𝐵𝑒𝑠𝑠𝑒𝑙 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓𝑡ℎ𝑒 𝑓𝑖𝑟𝑠𝑡 𝑘𝑖𝑛𝑑 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 𝑧𝑒𝑟𝑜
𝐽1 (𝑟): 𝐵𝑒𝑠𝑠𝑒𝑙 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓𝑡ℎ𝑒 𝑓𝑖𝑟𝑠𝑡 𝑘𝑖𝑛𝑑 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 𝑜𝑛𝑒
𝑌0 (𝑟): 𝐵𝑒𝑠𝑠𝑒𝑙 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑒𝑐𝑜𝑛𝑑 𝑘𝑖𝑛𝑑 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 𝑧𝑒𝑟𝑜
𝑌1 (𝑟): 𝐵𝑒𝑠𝑠𝑒𝑙 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑒𝑐𝑜𝑛𝑑 𝑘𝑖𝑛𝑑 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 𝑜𝑛𝑒
𝑆=−

𝐽1 (𝜉𝑚 𝑎)
𝑌1 (𝜉𝑚 𝑎)

𝐽1 (𝜈𝑚 𝑎)
− 𝜈𝑚 𝐽0 (𝜈𝑚 𝑎)
𝑎
𝑇=
𝑌 (𝜈 𝑎)
𝜈𝑚 𝑌0 (𝜈𝑚 𝑎) − 1 𝑎𝑚
𝛽𝑛 =

𝑛𝜋
𝐿

𝜉𝑚 → 𝑚𝑡ℎ 𝑧𝑒𝑟𝑜 𝑜𝑓

𝜈𝑚 → 𝑚𝑡ℎ 𝑧𝑒𝑟𝑜 𝑜𝑓

𝜕(𝐽0 (𝜉𝑚 𝑟) + 𝑆𝑌0 (𝜉𝑚 𝑟))
𝜕𝑟
𝜕(𝐽1 (𝜉𝑚 𝑟) + 𝑇𝑌1 (𝜉𝑚 𝑟))
𝜕𝑟

|
𝑏

|
𝑏
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𝐴𝑛,𝑚 (𝑡) =

𝐵𝑛,𝑚 (𝑡) =

𝑏

−1
𝐿

𝑑

𝛾 2 ∫0 ∫0 𝜙𝑛,𝑚 2 𝑟𝑑𝑟𝑑𝑧

𝑎

0

𝑏

−1
𝐿

𝑑

[∫ ∫ 𝐹𝜙𝑛,𝑚 𝑟𝑑𝑟𝑑𝑧 − ∮ ∇𝑈𝑟 ∙ 𝑛̂𝜙𝑛,𝑚 𝑟𝑑𝑠]

𝑑

𝛺 2 ∫0 ∫0 𝜓𝑛,𝑚 2 𝑟𝑑𝑟𝑑𝑧

𝜕𝐷

𝑑

[∫ ∫ 𝐺𝜓𝑛,𝑚 𝑟𝑑𝑟𝑑𝑧 − ∮ ∇𝑈𝑧 ∙ 𝑛̂𝜓𝑛,𝑚 𝑟𝑑𝑠]
𝑎

0

𝜕𝐷

2
2
𝛾𝑛,𝑚
= 𝛽𝑛2 + 𝜉𝑚
2
2
𝛺𝑛,𝑚
= 𝛽𝑛2 + 𝜈𝑚

𝑛̂ → 𝑜𝑢𝑡𝑤𝑎𝑟𝑑 𝑢𝑛𝑖𝑡 𝑛𝑜𝑟𝑚𝑎𝑙

The boundary conditions for Equations (20) and (21) can be represented in terms of a
combination of known stresses and known strains or in terms of the rotation tensor depending on
the specific boundary condition. The boundary conditions used for the problem presented are
shown below:

𝜕𝑈𝑟
𝜕𝑟
𝜕𝑈𝑧
𝜕𝑧
𝜕𝑈𝑟
𝜕𝑧

= 𝜀𝑟𝑟 =
= 𝜀𝑧𝑧 =
=−

𝜕𝑈𝑧
𝜕𝑟

𝜎𝑟𝑟 −𝜆(𝜀𝜑𝜑 +𝜀𝑧𝑧 )
𝜆+2𝜇
𝜎𝑧𝑧 −𝜆(𝜀𝜑𝜑 +𝜀𝑟𝑟 )
𝜆+2𝜇

=

𝜔𝜑
2

(24)
(25)
(26)

Equations (24), (25) and (26) evaluated on the surface through measurements give the
necessary boundary functions for Equations (22) and (23). Equations (22) and (23) converge
pointwise inside the domain to the solution. The displacement field inside the domain of the
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problem is now known and the stress and strain fields can be calculated by the derivatives of the
displacement field and material constants.

Validation with Numerical Results
Matlab was used in this study for computing the proposed model. In order to validate the
proposed model virtually, a case study was simulated in LS-Dyna as illustrated below.
LS-Dyna was used to simulate an elastic collision of an axisymmetric thick-walled cylinder such
that the boundary conditions for the analytical solution could be obtained from the numerical
solution’s nodal displacement data. Central finite difference differentiation and numerical spline
interpolation was used to obtain the boundary condition functions from the nodal data outputted
by LS-Dyna. In a real experiment, the boundary condition data can be obtained using strain gauges
and accelerometers. Using the boundary conditions from the numerical solution, the analytical
solution presented above could be used to solve for the displacement field inside the thick-walled
cylinder and then be compared with the numerical solution. The simulation setup in LS-Dyna (a
cross section view) is shown in Figure 2 and is similar to the set up used in a split Hokinson
pressure bar experiment. The difference is no transmission bar. Figure 3 shows the domain (a
half cross section of the object) for analysis. The material properties and geometries of the solid
objects for the numerical simulation setup can be found in Table 1.
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Fig. 2. Numerical simulation setup (a cross section view) in LS-Dyna.

Fig. 3. The mathematical domain of the problem.
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Table 1
The Material Properties and Dimensions of the Objects Used for LS-DYNA Simulation
Cylinder

Incident

Striker

Elastic Modulus (E)

207[GPA]

207[GPA]

Rigid

Poisons Ratio (ν)

0.3

0.3

NA

Density (𝝆)

7830[Kg/m3]

7830[Kg/m3]

7830[Kg/m3]

Length (L)

4[mm]

20[mm]

2[mm]

Inner Radius (a)

0.25[mm]

NA

NA

Outer Radius (b)

5[mm]

NA

NA

Radius (r)

NA

0.5[mm]

0.5[mm]

In the simulation, the striker bar was given an initial velocity of 10 m/s towards the incident
bar. An elastic stress wave was sent through the incident bar and is transmitted into the cylinder.
The stress wave dispersed into the cylinder. The nodal displacements and elemental stresses on
the surface of the cylinder were used to calculate the boundary conditions for Equations (12), (13),
(20), and (21). The results of the numerical simulation and a comparison between the numerical
and analytical solution are given in the results section.
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Results
The analytical solution was numerically evaluated and compared with the numerical
simulation. The results are shown in Figures 4-9. The times indicated for each plot are measured
from the start of the simulation.

The stress wave reaches the thick-walled cylinder at

approximately t=0.0045 [ms].
Figures 4-6 show the comparisons of contours of the radial displacements over the domain,
shown in Figure 3, of the thick-walled cylinder for the analytical and numerical simulation
solutions at the specified values in time, while Figures 7-9 show the comparisons of axial
displacements. The solutions generally agree. The minor discrepancies between the results are
due to the numerical simulation behaving in a slightly anisotropic manner in its solution to the
transverse wave and will be discussed later.

(a)
(b)
Fig. 4. A radial displacement comparison of (a) analytical solution and (b)
numerical solution at t=0.0048 [ms].
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(a)
(b)
Fig. 5. A radial displacement comparison of (a) analytical solution and (b)
numerical solution at t=0.0060 [ms].

(a)
(b)
Fig. 6. A radial displacement comparison of (a) analytical solution and (b)
numerical solution at t=0.0070 [ms].
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(a)
(b)
Fig. 7. An axial displacement comparison of (a) analytical solution and (b)
numerical solution at t=0.0048 [ms].

(a)
(b)
Fig. 8. An axial displacement comparison of (a) analytical solution and (b)
numerical solution at t=0.0060 [ms].
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(a)
(b)
Fig. 9. An axial displacement comparison of (a) analytical solution and (b)
numerical solution at t=0.0070 [ms].

Discussion
Dilational Wave
The analytical solution for the dilational wave, θ, agrees well with the numerical simulation.
Figure 10 shows a comparison between the analytical solution and the numerical solution for the
dilational wave at the center of problem domain (R=2.375[mm], Z=2[mm]), i.e., point A in Figure
11, vs. time. The solution agrees very well with an R2 value of 0.9930.
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Fig. 10. A comparison between the analytical and numerical solutions for the
dilational wave at the center of problem domain (R=2.375[mm], Z=2[mm]).

Fig. 11. The five locations used for comparing the analytical and numerical
solutions for the transverse wave.

19

Transverse Wave
The discrepancies in the transverse wave solutions, ω, from LS-Dyna and the proposed model
can be seen in Figure 12. A series of comparisons between the analytical solutions and the
numerical solutions for the transverse wave at the locations A, B, C, D and E shown in Figure 11
in the thick-walled cylinder vs. time are shown in the pictures (a), (b), (c), (d) and (e) in Figure 12,
respectively. The general trends agree, but error grows the farther the point is from the boundaries.
The R2 values for the plots in Figure 12 are between 0.9882 and 0.7810. The reason for the large
differences between the analytical model and the solution from LS-Dyna is the anisotropic
behavior of the LS-Dyna numerical simulation.
The transverse wave solution, ω, has discrepancies but does agree with the simulation trends.
The wave speed of the transverse wave, as calculated using the numerical simulation results, differs
from the theoretical by up to +/- 6%. The theoretical transverse wave speed is 3188.72 m/s. The
simulation’s transverse wave speed in the axial direction near the inner radius, r = a, is 3370.47
m/s, which is 5.7% greater than the theoretical speed. The simulation’s transverse wave speed in
the radial direction near the impact surface, z = 0, is 3032.47 m/s, which is 4.9% less than the
theoretical wave speed. This anisotropic behavior of the wave speed leads to error because the
analytical solution uses the theoretical wave speed, but the boundary condition data were
calculated using the simulation results which contain the anisotropic wave speed. If the wave
speed error was the same value in all directions (isotropic), an adjusted wave speed could be used
which would eliminate this source of error. However, the numerical simulation is behaving in a
slightly anisotropic manner, which violates a fundamental assumption of the governing equations,
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thus this form of error cannot be resolved. It is important to note that this is an error in the
numerical solution and not an error in the proposed analytical solution technique. However, if the
numerical solution behaved isotopically, in agreement of the assumptions in the proposed
analytical model, it is expected that the numerical and analytical solutions for the transverse wave
would be the same or very close.

Radial and Axial Waves
Given that the transverse wave solutions have discrepancies, it is expected that the
displacement fields will show discrepancies as well. These differences are shown in Figures 13
and 14 and are explained as follows.
Figure 13 shows a comparison between the analytical and the numerical solutions for the radial
displacement at a point in the center of the problem domain (R=2.375[mm], Z=2[mm]) vs. time.
Similarly, the comparison between the analytical solution and the numerical solution for the axial
displacement at a point in the center of the problem domain (R=2.375[mm], Z=2[mm]) vs. time
can be found in Figure 14. The error that was expected, due to the error in the transverse wave
solution, is evident in Figures 13 and 14. The R2 value for Figure 13 is 0.8292. The R2 value for
Figure 14 is 0.9484. As with the transverse wave solution, the error grows the farther the point is
from the boundary, which suggests there is wave speed error.

21

(a)

(b)

(c)

(d)

(e)
Fig. 12. The comparisons between the analytical and numerical solutions for the
transverse wave at different locations in the thick walled cylinder: (a) r=(ba)/2, z=L/2 , (b) r=(b-a)/10, z=L/10, (c) r=9(b-a)/10, z=9L/10, (d) r=(b-a)/10,
z=9L/10, and (e) r=9(b-a)/10, z=L/10.
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Fig. 13. The comparison between the analytical and numerical solutions for the
radial displacement at the center (R=2.375 [mm], Z=2 [mm]) of the thickwalled cylinder.

Fig. 14. The comparison between the analytical and numerical solutions for the
axial displacement at the center (R=2.375 [mm], Z=2 [mm]) of the thickwalled cylinder.

23

The abrupt changes or kinks in Figure 14 are caused by the numerical differentiation error. To
illustrate that the error in the displacement field is almost entirely caused by the error in the
transverse wave solution, the analytical solution was calculated again, but this time, the analytical
solution for transverse wave was replaced by the numerical solution for the transverse wave. This
will not give the true displacement field, but, if the method is correct, the analytical solution for
the displacement field will match the numerical solution. Figures 15 and 16 show plots of the
radial displacement and axial displacement, respectively, at the center of the problem domain
(R=2.375[mm], Z=2[mm]) vs. time with the analytical solution with the transverse wave replaced
by the numerical solution.

Fig. 15. The comparisons between the analytical and numerical solutions for the
radial displacement field at the center (R=2.375 [mm], Z=2 [mm]) of the
thick-walled cylinder vs. time with the analytical solution for the transverse
wave replaced by the numerical solution.
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Fig. 16. The comparison between the analytical and numerical solutions for the
axial displacement field at the center (R=2.375 [mm], Z=2 [mm]) of the thickwalled cylinder vs. time with the analytical solution for the transverse wave
replaced by the numerical solution.

Figures 15 and 16 show that in fact the numerical and analytical solutions for the displacement
field match when the analytical solution for the transverse wave is replaced by the numerical
solution for the transverse wave. The R2 value for Figure 15 is 0.9972. The R2 value for Figure
16 is 0.9985. Figure 17 shows the highest 1-R2 values from points (a), (b), (c), (d), and (e) of the
axial and radial displacements for the analytical solution compared with the highest 1-R2 value at
points (a), (b), (c), (d), and (e) for the analytical solution with the analytical transverse wave
replaced by the numerical transverse wave. This proves that the error in the displacement field,
shown in Figures 14 and 15, was caused by the error in the transverse wave solution. This
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demonstrates that in a truly isotropic material, where both the solutions for the dilational wave and
transverse wave can be accurately calculated, the displacement field can be accurately calculated.

Fig. 17. The comparisons of (1-R2) values for the analytical solutions with and without
transverse wave speed modification.

Conclusion
In this paper, an exact analytical solution to the transient 3D equations of linear elasticity, the
Navier-Lame equations, is presented for any three-dimensional shape objects with a hole (from
infinitesimal to extremely large) that are homogeneous and isotropic. A 3D axisymmetric thickwalled cylinder case study was conducted and compared with the analytical solution in this paper.
It was concluded that the proposed analytical solution agrees with the numerical results despite the
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numerical solution behaving slightly anisotropically. This analytical solution technique is an
accurate method for calculating the transient displacement field in linear elastic isotropic
homogeneous objects. This technique can be used for, but is not limited to, nondestructive testing,
homeland security, microdefect (void or crack) detecting, etc., and is an excellent benchmark for
numerical solution validation.
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